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On the Sublinear Behavior of Massive Multi-User
MIMO Sum-Rates for Deterministic Channel

Models
François Bentosela, Horia D. Cornean, Arman Farhang and Nicola Marchetti

Abstract—This paper studies the behaviour of the sum-rate of
outdoor multi-user MIMO systems, where a uniform linear array
is utilized at the Base Station (BS), as the number of BS antennas
and the number of users increase. Two schemes are studied
for the downlink, the Zero-Forcing (ZF) and the Maximum
Ratio Trasmission (MRT). To begin with, the channel matrix
is described deterministically using direct scattering theory. Its
matrix elements are the Fourier coefficients of functions which
have a physical significance, being connected to the geometry of
the environment.

For the case when the energy is not arriving at the BS
from every spatial direction, we prove for the ZF scheme, that
the achievable sum-rate behaviour is sublinear in the number
of antennas at the BS. For the MRT scheme, we prove that
there is a link between the sum-rate and the distribution of
the users in the city. To numerically evaluate the sum-rate
for a given city, schematically described by its streets and its
buildings, we introduce a model for the Fourier coefficients of the
aforementioned functions which mixes geometrical and statistical
ingredients. We randomly distribute high buildings which will act
as strong scatterers and look at the influence of their number on
the sum-rate. With the ZF scheme, we perform the calculations
for the case where the number of BS antennas, MT , is equal to
the number of users, MR, and for the case where MT is larger
than MR. We observe that the sum-rate first increases linearly
with the number of BS antennas, and becomes sublinear after MT

reaches a certain value. The threshold depends on the number of
high buildings. With the MRT scheme, the calculations confirm
the theoretical predictions, and the sum-rate is greater if the
users are spread over all of the city.

Index Terms—MIMO systems, Multi-user channels, Propaga-
tion, ZF, MRT.

I. INTRODUCTION

To cope with the increasing number of wireless users in
some populated areas of the towns (e.g. malls, stadiums, etc.),
network densification was introduced through the massive
deployment of cells of different types, such as macro-, micro-
, pico-, and femtocells, in order to enhance the network’s
capacity, coverage performance, and energy efficiency [1]–[3].
Many authors also considered very large Multi-User Multiple
Input Multiple Output (MU-MIMO) systems for which the
number of antennas at the Base Station (BS) is an order of
magnitude larger than in the usual LTE systems and than the
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number of users; such systems aim to improve the spectral and
energy efficiency of the wireless network, and hence indirectly
help to resolve the issue of the increasing number of users [4],
[6].

In this paper we are going to study situations in which
(a) the number of antennas at the BS is comparable with the
number of users, and (b) the number of antennas at the BS
can be 10 times greater than the number of users. The second
situation is known as Massive MIMO and has been extensively
studied, after the seminal paper by Marzetta [6], by many
authors [7]–[11].

In this paper, we only consider the downlink (DL) of a MU-
MIMO system. The question regarding the practical schemes
which have to be implemented in the DL has attracted much
attention [12]–[15], and several schemes are being considered,
i.e., nonlinear scheme such as Dirty Paper Coding, and linear
ones such as Zero-Forcing (ZF), Regularised Zero-Forcing
(RZF), Maximum Ratio Transmission (MRT) also called eigen
Beam-Forming Trasmission (BF). For massive MIMO in the
DL, RZF is the best scheme in terms of spectral efficiency.

Let us emphasize that the performance is linked with the
chosen scheme. In order to be self-contained, in the Appen-
dices 2 and 3 we rigorously establish the formulas which relate
the achievable sum-rate to the ZF and the MRT schemes. In
particular, we will show that for the ZF scheme, the sum-rate is
linked with the smallest singular value of the channel matrix,
while for the MRT scheme, the sum-rate is linked with the
norms of the row vectors of the channel matrix and the scalar
products of its different row vectors.

In any case, to precisely estimate the achievable sum-
rate, the channel propagation matrix has to be known. In
the case where the positions of the users and of the BS
are known in the city, the first option is to experimentally
measure the channel matrix. As in general we are interested
in getting the sum-rate averaged over the user positions, this
option, which presents the maximum of guarantees, infers
long campaigns of measures with all sorts of complications,
particularly concerning calibration problems.

The second option consists of modelling the channel matrix.
Several proposals have been made, most of which are based
on statistical models.

The third option, which we are going to adopt in the first
part of the paper, dedicated to a single cell, is not to introduce
a model, but an expression for the channel matrix, which is
almost exact and which condenses all the physical information
on the environment and the position of the users. We will
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discuss this further in Section III.
In Sections IV and V, we will discuss how the achievable

sum-rate is affected by the number of important scatterers
and by the user positions, for the ZF and MRT schemes
respectively. In [16], a similar problem is addressed for the
optimal multi-user transmit beamforming. On the other hand,
while it is known that if users are very close the corresponding
rows of the channel matrix are very similar, leading to a small
minimum eigenvalue and a large row scalar product, we are
considering the case where users are in the same geographical
area but not very close (some of them can be as distant as
80 meters) and we show the detrimental effect such proximity
has on the sum-rate, as compared to the case in which users
are uniformly distributed within all the streets.

In the second part of the article, in Section VI, in order
to study more precisely the influence of the environment
on the achievable sum-rate for the ZF and MRT schemes,
we introduce a model for the channel matrix. We call it
hybrid because it contains both deterministic and statistical
ingredients. The deterministic ingredients take into account
roughly the geometry of the buildings. and the position of the
users. The model also contains statistical ingredients which
take into account the small scale variations of the currents
created inside the buildings.

In Section VII, using the hybrid model, we will perform
numerical calculations to get the sum-rate for the ZF scheme,
simulating the behaviour of the transfer matrix in an outdoor
environment with users randomly distributed in an ensemble
of streets/avenues. We will study the changes in the sum-
rate when we introduce high buildings in the city in place of
standard ones. Several user distributions in the streets/avenues
are considered, sometimes the users are uniformly distributed,
sometimes they are concentrated in a street, sometimes all the
users are in Non Line of Sight (NLOS) with respect to the
BS.

It appears that, if the number of important scatterers is not
large and if one uses the ZF technique, the throughput becomes
linear for some not so large MT values.

In Section VIII, we calculate the sum-rate for the MRT
scheme, showing the effect that the user positions have on
it. Here the sublinear behaviour is more accentuated. If the
number of important scatterers is small, the sum-rate can even
decrease with the number of antennas at the BS.

In Section IX, we conclude the article, promoting our hybrid
model which offers the tool to answer the question: “how rich
does the environment have to be in order for massive MIMO
to offer big advantages?”. This section also emphasizes the
influence of the user distribution on the global sum-rate.

II. STATE OF THE ART

In many papers, a probabilistic channel model is considered
with or without correlation between BS antennas. In such
works, authors study the behaviour of the sum-rate, or the
average rate per user, as the number of BS antennas goes
to infinity. The main point is that, in the asymptotic regime,
the multi-user interference becomes relatively negligible with
respect to the useful signal. Using statistical models, many

authors say that their estimates on the sum-rates are valid
under ”favourable” propagation conditions without being too
explicit. The link between scatterer scarcity and performance
has been already discussed by several authors in different set-
tings, and in particular in the context of SU-MIMO [17]–[22].
In the MU-MIMO context, some authors take into account the
situation in which the scattering is not too rich, partitioning
the angular domain into a finite number of directions that is
small compared to the number of BS antennas [23].

In an early paper [24] it was shown, with channel vectors
with zero-mean Gaussian distribution, that the sum-rate for the
ZF scheme increases linearly with the number MT of antennas
at the BS (with the number of users MR also increasing
proportionally to MT with a proportionality factor strictly
smaller than 1).

Recent works have revisited the study of the sum-rate
behaviour, introducing some level of additional realism
into the channel model. In [21], the multiplexing gain vs.
min(MT ,MR) is studied in terms of the spatial correlation
of the channels. For fixed MR, [22] studies the combined
effect of reducing the distance between the antenna elements
and increasing the number of elements in a fixed space at the
BS. The authors of [25] investigate the detrimental effect of
increasing the Doppler shift.

In [26], a fully correlated channel matrix is studied. A beam
domain channel model is introduced in which the angles of
the different paths which reach the BS array are taken into
account. From it, an upper bound on the achievable sum-rate
is derived, which depends on the covariance matrices in the
beam domain. Such approach has some similarities with ours,
but differs in that the authors of [26] do not include the precise
geometry of the environment in their model.

Recently, using Ricean fading channels for single [27], [28]
or multiple cells [29], some works investigate what happens
to the sum-rate with the ZF or MRT schemes if some of the
users are in LOS. Ricean channels are also introduced in the
context of wireless energy transfer [30].

In multi-cell context, a sublinear behaviour of the sum-
rate appears in the papers [9], [15] where the role of
the pilot contamination is carefully analysed. In the case
MT → ∞, approximations of achievable rates with several
precoders/detectors are obtained, and simulations show that
these rates are accurate even for when MT is not too large.

On the experimental side, in a series of papers [31], [32], the
authors consider a measured DL channel where the number of
BS antennas is much larger than the number of users, which
is assumed in [32] to be four. There, the average Dirty Paper
Coding (DPC) capacity behaviour is studied with respect to
the number of BS antennas which varies up to 32.

In [33], the channel is measured in a residential area using
two different BS arrays (a cylindrical one and a linear one)
and selecting four users. The sum-rate is calculated employing
DPC and ZF and is compared with the sum-rate obtained with
the i.i.d. channels. The results show a linear behaviour until
approximately 10 BS antennas and a saturation after that. In
[34], the authors study the CDF of singular value spreads when
using 4, 32 and 128 antennas at the BS.

Authors of [35] report on an outdoor measurement cam-
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paign, with a scalable virtual antenna array consisting of up
to 112 elements. They study the condition number of H∗H ,
i.e. the ratio between the largest eigenvalue and the smallest
eigenvalue, which measures the correlation of the channels (a
large condition number means strong correlation).

III. CHANNEL MATRIX

Here, we give an expression for the channel matrix which is
almost exact and which is linked with the physical properties
of the environment and the positions of the users.

In [20], we introduced a deterministic approximation H̃
for the transfer matrix, writing H = H̃ + R, where R is
a correction term, which is small if MT is smaller than a
quite large number and if the distances from the arrays to the
scatterers are larger than the arrays’ lengths.

In the SU-MIMO situation, considering that the TX and RX
arrays are defined respectively by the primitive vectors cT and
cR, and that antennas of each array are the same and have the
same direction, the matrix elements of H = H̃ are given by:

H̃mn =

∫
S2×S2

dΩR dΩT e
− 2πi

λ (mcR.ΩR+ncT .ΩT )

aR(ΩR) · s(ΩR,ΩT )aT (ΩT ), (1)

where S2 is the unit sphere, ΩT = (φT , θT ) are the azimuth
and elevation angles which define a direction from the center
of the TX antenna array, while ΩR = (φR, θR) defines a di-
rection from the center of the RX array, aR(ΩR) and aT (ΩT )
are three dimensional vector functions, only determined by
the radiation patterns of the antennas, s(ΩR,ΩT ) is the 3× 3
matrix spread function which, as proved in [19], only depends
on the scattering environment, λ denotes the wavelength, and
finally the dot denotes the scalar product in C3.

In the MU-MIMO case, since the RX antennas do not form
an array, the previous formula becomes:

H̃mn =

∫
S2×S2

dΩR dΩT e
− 2πi

λ ncT .ΩT

amR (ΩR) · sm(ΩR,ΩT )aT (ΩT ). (2)

The receivers (users) can have distinct orientations. The
ΩmR is now a spatial direction whose origin is the mth

antenna position, amR (ΩR) is determined by the radiation
pattern of the mth RX antenna. If one denotes by ȟm(ΩT ) :=∫
S2 dΩR aR(ΩR).sm(ΩR,ΩT )aT (ΩT ) one gets:

H̃mn =

∫
S2

dΩT e
− 2πi

λ ncT .ΩT ȟm(ΩT ), (3)

We will suppose that |cT | = λ/2. Remembering that θ is the
angle between the direction of arrival (DOA), ΩT and the BS
array direction and denoting hm(uT ) =

∫ 1

−1
dφT ȟm(θT , φT )

with uT = cos θT we get:

H̃mn =

∫ 1

−1

duT e
−πinuT hm(uT ), (4)

So the elements of the mth row of the channel matrix
corresponding to the mth user are the Fourier coefficients of
a function hm defined on the interval [−1, 1]. The physical
meaning of the hm functions is explained in Appendix 1;

in particular, once the mth user sends a harmonic signal, it
creates currents inside the scatterers, and these currents in turn
create radio waves which are seen by the BS antennas. These
radio waves can be calculated from the currents as it is usually
done for the antennas. The radio waves, when coming from
a scatterer and impinging on the BS, appear as an integral
of plane waves with amplitude ȟm(θT , φT ) coming from all
angular directions (θT , φT ) under which the scatterer is seen
from the BS.

If there is no scatterer in some (θT , φT ) direction, for the
corresponding uT , hm(uT ) will be zero. In a city, if the
scattering is very rich, the support of hm(uT ) is the entire
interval [−1, 1], while it is only some sub-interval or union of
sub-intervals if the scattering is poorer. In Fig. 1, we indicate
the intensity of the currents created inside the buildings by
two users. The energy from the top left user essentially comes
from the coloured buildings on the left of the BS while the
energy from the bottom right user comes essentially from the
coloured buildings on the right. We can even imagine, if all
the users are concentrated in some part of the city, that all
the hm(u) will be small in some subsets of [−1, 1]. Notice
that at the BS, to the radio waves coming from the scatterers,
we have to also add the radio wave coming directly from the
user antenna so the function hm presents a narrow peak in
one direction. In the NLOS case, the peak is blurred out by
the radiation emitted by the scatterers between the user and
the BS.

IV. PERFORMANCE FOR THE ZERO-FORCING SCHEME

From now on we denote the measured channel matrix by H ′

and the error on the true channel matrix H by ∆H , therefore,
H ′ = H + ∆H .

In Appendix 2 we prove the following lemma.
MT is always supposed to be larger or equal than MR, i.e.
MR = µMT , µ ≤ 1. The eigenvalues of H ′H ′∗ are denoted
as λ2

i , and their number is always equal to MR. We denote
the smallest one by λ2

MR
.

Lemma IV.1. Suppose that the noise amplitude at the Receive
(RX) antennas is never larger than nmax, that the norm of the
error matrix is ‖∆H‖, that the maximum power allowed at
the BS is Pmax, that each Transmit (TX) antenna transmits
at a rate of B symbols per second, and that α is the ratio
between the power emitted by an antenna and the square of
the maximum voltage of the source which feeds the antenna.
Then the sum-rate in bits/s, C, which can be sent, is given by

C = 2MRB log2

(
1 +

λMR

nmax +
√

Pmax

α ‖∆H‖

√
Pmax

2αMR

)
(5)

Remarks: The formula includes the error ‖∆H‖ on the
transfer matrix which can be important if there are other cells
using the same range of frequencies (pilot contamination).

In order to study the total sum-rate behaviour as MR
increases, it is crucial to know about the λMR

behaviour with
respect to MR.
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If the measured transfer matrix was a matrix composed of
i.i.d. random variables with mean 0 and variance σ2, as MT

tends to∞ and MR/MT is maintained constant equal to µ, the
limit of the distribution of the eigenvalues of H̃H̃∗ divided by
MT would obey the Marchenko Pastur law, and the smallest
eigenvalue of H̃H̃∗ divided by MT would tend to σ2(1 −√
µ)2, [36]. From formula (5), the total rate would increase

linearly with MR.
However, it could occur that λMR

decreases and conse-
quently that, even if the constellation has only 2 points, the
noise becomes larger than half of the distance between the two
points and it would therefore be impossible to decide what is
the symbol sent to the user. In this case, this user has to be
removed from the set of users which are addressed.

Notice that λ2
MR

is equal or smaller than the set of the scalar
products (f , H ′H ′∗f) for any normalized vector f ∈ CMR . If
a user was hidden by an obstacle, then all the elements of
the corresponding column vector H ′∗eRm would be small, and
λMR

would also be small. If it is very small, the sum-rate
would be also very small. As every user would be penalized,
this user should be discarded.

Now we are going to examine the behaviour of λMR
in the

case where the electromagnetic fields which reach the BS are
not coming from all the directions in space i.e. the spectrum
of the angle of arrivals presents some holes.

First we consider the eigenvalues of the H̃H̃∗ where H̃
represents the approximation for H given by formula (4) in
Section III.

Lemma IV.2. Suppose that as MT tends to ∞, MR/MT

remains bounded by a constant µ and that the union of
the supports of the hm has a non empty complement in
(−1, 1) composed by one or several intervals, then the smallest
eigenvalue of H̃H̃∗ is smaller than a constant c0.

Proof.
Consider the Fourier vectors fn :=

M
− 1

2

T [e
− 2πin(MT−1)

2MT , . . . , e
− 2πin
MT , 1, e

2πin
MT , . . . , e

+
2πin(MT−1)

2MT ]T .
They form an orthonormal basis for CMT .
Consider now the matrix elements of H̃H̃∗ in this basis,

(fn1 , H̃
∗H̃fn2) =

∑
n

∑
n′

∑
m

(fn1 , e
T
n )(eTn , H̃

∗eRm)

×(eRm, H̃e
T
n′)

= (eTn′ , fn2
)M−1

T

∑
n

∑
n′

∑
m

e
− 2πinn1

MT

×
∫ 1

−1

duT e
πinuT hm(uT )

∫ 1

−1

duT

×e−πin
′uT hm(u′T )e

2πin′n2
MT . (6)

If one denotes by:

δMT
(u) :=

n=(MT−1)/2∑
n=−(MT−1)/2

eiπnu

= 1 + 2 cos(πu) + ...+ 2 cos((MT − 1)/2πu)

=
sin(MTπu/2)

sin(πu/2)
, (7)

one gets:

(fn1
, H̃∗H̃fn1

) = M−1
T

∑
m

∫ 1

−1

duT δMT
(uT − 2n1/MT )×

hm(uT )

∫ 1

−1

du′T δMT
(u′T − 2n1/MT )hm(u′T )

(8)

By hypothesis there exists n such that 2n/MT belongs to
the complement of the supports of the hm and such that the
distance of 2n/MT to these supports is larger than some κ,
then | sinπ(u − 2n/MT )| > sinκ, ∀u ∈ ∪m(support(hm)).
Supposing that |hm(uT )| are bounded uniformly by K, from
(8) we get that |(fn1 , H̃

∗H̃fn1)| < M−1
T

∑
m

(
2K

sinκ

)2
=

MR

MT

(
2K

sinκ

)2
Then the smallest eigenvalue for H̃H̃∗, which is equal to the

smallest eigenvalue of H̃∗H̃ , is smaller than a constant.
Remark:
In the case where the energy coming from some solid angles

is smaller than a constant, more precisely if
∑
m |hm(u)| is

smaller than a constant for all the u belonging to some sub-
interval of [−1, 1], the previous proof can be adapted and it
can be shown that, also in this case, the smallest eigenvalue
is smaller than a constant.

Theorem IV.3. In the case functions hm satisfy the same hy-
pothesis as in Lemma IV.2, there exists an interval (M1

R,M
2
R)

such that if MR belongs to it, there exists a constant β such
that:

C < 2MRB log2

(
1 +

β

nmax +
√

Pmax

ρ ‖∆H‖

√
Pmax

MR

)
(9)

Proof. As was shown in [20], the transfer matrix H is
equal to H̃ plus a correction matrix R, the elements of which
are: |Rmn| < γ ωTωS

DRDT

(n|cT |
DT

+ m|cR|
DR

)
where γ is a constant,

ωT is the diameter of the largest scatterer, DT and DR are
respectively the distances from the largest scatterer to the TX
array and the RX array, |cT | and |cR| are respectively the
distance between the antennas of the TX array and the RX
array, ωS is the diameter of the antennas. However, as in the
present case there is no RX array, we have that cR = 0, and
the inequality can be written as |Rmn| < γ′ ωTωSDmRDT

n|cT |
DT

with
a new constant γ′, and Dm

R is the distance from the mth user
to the largest scatterer.
γ is such that, even if n|cT | is of the order of DT , |Rmn|

are small.
One can choose three constants c1, c2, c3 such that ‖R‖ <
supn

∑
m |Rmn| < γ ωTωS

D2
T

MT−1
2

∑
m

1
DmR

< c1MTMR,

‖H̃‖ < supn
∑
m |H̃mn| < c2MR and ‖∆H‖ <

supn
∑
m |∆Hmn| < c3MR.

Since H ′ = H −∆H = H̃ +R−∆H ,
H ′∗H ′ = H̃∗H̃ + (R∗−∆H∗)H̃ + ∆H∗(R−∆H) + (R∗−
∆H∗)(R−∆H) one gets the inequality shown on the top of
the next page, (11).

Supposing that c1 and c3 are so small that the MR for
which 2c2MR(c1MTMR+ c3MR)+(c1MTMR+ c3MR)2 =
|(fn, H̃∗H̃fn)| is large, calling it M0

R, we get that, as long as
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|(fn, H ′∗H ′fn)| < |(fn, H̃∗H̃fn)|+ 2‖H̃‖(‖R‖+ ‖∆H‖) + (‖R‖+ ‖∆H‖)2 < |(fn, H̃∗H̃fn)|+ 2c2MR(c1MTMR +

c3MR) + (c1MTMR + c3MR)2. (11)

MR < M0
R, the smallest eigenvalue for H ′∗H ′ is smaller than

2c0, where c0 is the constant which appears in Lemma IV.2.
Then we get: λMR

<
√

2c0.
Finally, there exists an interval M ′R < MR < M0

R for which
the sum-rate is smaller than

2MRB log2

(
1 +

√
2c0

nmax +
√

Pmax

α ‖∆H‖

√
Pmax

2αMR

)
(12)

Denoting β :=
√

c0
α one gets:

C < 2MRB log2

(
1 +

β

nmax +
√

Pmax

α ‖∆H‖

√
Pmax

MR

)
(13)

Remark: We notice that as MR becomes large, the total
sum-rate is smaller than a quantity which is proportional to√
MR.

V. PERFORMANCE FOR THE MAXIMUM RATIO
TRANSMISSION SCHEME

In Appendix 3, the following lemma is proven.

Lemma V.1. Suppose that the noise amplitude at the user an-
tennas is never larger than nmax, that measuring the channel
matrix we make an error ‖∆H‖, that the maximum power
allowed at the BS is Pmax, that each TX antenna transmits
at a rate of B symbols per second, and that α is the ratio
between the power emitted by an antenna and the square of
the maximum voltage of the source which feeds the antenna.
Then the rate in bits/s, cm, which can be sent to the mth user
is given by

cm = 2 log2

(
1 +
‖hm‖2

Ψ

)
, (14)

where

Ψ =
√

2

( ∑
m′ 6=m

|(hm,hm′)|+
√
αMR‖H

′∗‖

×
(
‖∆H‖+ nmax/

√
Pmax

))
. (15)

Remarks: In Appendix 3 one can see that the formula above
is valid only if

∑
m′ 6=m |(hm,hm′)| ≤ ‖hm‖2. In the scope

of Rayleigh models, it clearly appears that this condition has a
greater chance to be fulfilled if MT is much larger than MR,
i.e. MR = µMT , µ� 1.

Below, we are going to show that the relative smallness of
the scalar products of the channel vectors can also appear in

the case where the angular energy spectra corresponding to
the different users satisfy a simple property.

Theorem V.2. The rate cm which can be sent to the mth user
is maximal when the positions of the m′th users are such that
the supports of the functions hm and hm′ 6=m are disjoint.

Proof.
As can be seen from (4), the components of the channel

vector hm are the first MT Fourier coefficients of the function
hm(u). Then ‖hm‖2 is equal to

∑n=
MT−1

2

n=−MT−1

2

|Hmn|2 The in-

terference term (hm,hm′) is equal to
∑n=

MT−1

2

n=−MT−1

2

H̄mnHm′n.
Using (4)

(hm,hm′) =

n=
MT−1

2∑
n=−MT−1

2

∫ 1

−1

du′T

∫ 1

−1

duT h̄m(uT )eπinuT

×
∫ 1

−1

du′Thm′(u
′
T )eπinu

′
T , (16)

and the δMT
definition, one gets:

(hm,hm′) =

∫ 1

−1

duT

∫ 1

−1

du′T δMT
(uT−u′T )h̄m(uT )hm′(u

′
T )

(17)
If MT becomes large and the supports of hm and hm′ have

a small intersection, then the interference term is small. So we
see that to get a large rate at the mth user, it is sufficient that
the supports of hm and hm′ do not overlap.

Remarks: This result opens the way for the selection of users
in a city.

Condition
∑
m′ 6=m |(hm,hm′)| ≤ ‖hm‖2 can be rewritten

as∑
m′ 6=m |

∫ 1

−1
duT

∫ 1

−1
du′T δMT

(uT −
u′T )h̄m(uT )hm′(u

′
T ) ≤ |

∫ 1

−1
duT

∫ 1

−1
du′T δMT

(uT −
u′T )h̄m(uT )hm(u′T )|. Let us emphasize here that if the mth

user is in LOS with the BS and there are also other users
in the same street in LOS with the BS, the above inequality
will not be fulfilled. It will not be fulfilled also in the case
where users m and m′ are in the same street, and there is
a strong waveguide effect such that if the ith building is
far away, hm,i(uT ) and hm′,i(uT ) (respectively the parts
of hm(uT ) and hm′(uT ) coming from the ith building),
become proportional because the incident radio waves on
the building coming from the users are almost proportional
and the corresponding scattered waves become also almost
proportional. Then in these cases the interference terms
(hm,hm′) are not small.

VI. THE HYBRID MODEL FOR THE TRANSFER MATRIX IN
AN OUTDOOR ENVIRONMENT

As we have seen in Section III, the transfer matrix elements
for the MU-MIMO system are given with good precision by
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the formula:

H̃mn =

∫ 1

−1

duT e
−πinuT hm(uT ), (18)

As we show in Appendix 1

H̃mn =
∑
i

∫ 1

−1

duThm,i(uT )e−
2πi
λ n‖cT ‖uT (19)

where hm,i is:

hm,i(uT ) :=

∫
d‖v‖dφT

e
2πi
λ ‖v‖

4π‖v‖
aT (uT , φT ).i(i)m (‖v‖, uT , φT )

(20)
i
(i)
m is the current inside the ith object created by the mth user

and aT (uT , φT ) corresponds to the radiation pattern of one of
the antennas of the BS array.

Unfortunately, even simplifying the description of the out-
door environment, for instance replacing the buildings by
homogeneous parallelepipedic blocks, the currents i

(i)
m cannot

be calculated analytically and, even up to now, numerically,
because one needs to invert such a large matrix that even to-
day’s most powerful computers cannot perform the inversion.

As a consequence, in this section, our aim will be to
introduce a model for the transfer matrix elements which will
capture some physical and geometrical characteristics of the
city in which the MU-MIMO system works.

Some of the properties of the hm,i(uT ) will help us to build
the model. For instance, from definition (20), since the current
is localised inside the ith object, the support of function hm,i
can be determined in the following manner. We consider the
set of lines whose origin is the center of the BS array and
which hit the ith object. To each of these lines, which makes
an angle θT with the BS array direction, we associate uT =
cos θT , so the support of hm,i is the set of uT obtained from
the set of lines.

Since the currents inside the ith object have irregular spatial
oscillations, by (20) one deduces that functions hm,i also
oscillate. One can also observe that if we move the ith object
far away from the BS, hm,i has approximately the same
number of oscillations but on a smaller interval, so it oscillates
more.

A rough estimate of the hm,i amplitude can be made from
the distances between the object and the RX antenna and
between the object and the BS.

A more precise analysis can be done if one writes the
currents inside the objects as linear combinations of plane
waves whose wave-vector modulus are close to 2π/λ. From
(20), for each plane wave one can explicitly perform the
integral with respect to ‖v‖, using for each building (or object)
the extremal values of the integration interval in terms of uT
and φT . Here we do not go into details as they are too long
and technical and because the rough previous considerations
on the hm,i are sufficient to allow us to propose now a model
for the transfer matrix elements.

We assume that the support of hm,i is not the entire
interval (−1, 1), and we consider that hm,i is the product
of the indicator function of its support and an oscillating

function oscm,i(uT ). We assume that the Fourier coefficients
of oscm,i(uT ) are negligible if |n| > 2πρ(i)

λ and equal to a
random complex number an,m,i for |n| ≤ 2πρ(i)

λ , where ρ(i)
is the distance from the BS to the ith object (in this way
we take into account the fact that hm,i oscillates more as the
distance from the BS increases).

The random variables an,m,i, which are related with the
current intensity in the ith object, have to take into account
the distances between the object and the antennas, and they
can be chosen in different manners. If nothing is known
about the precise position of the objects, they can be cho-
sen so that |an,m,i| are equally distributed in the interval(

0, 1
d2TRm

)
where dTRm is the distance between the BS and

the mth user. If the positions of the objects are known,
one can choose |an,m,i| equally distributed in the interval(

0, 1
d(BS,Bi)d(RXm,Bi)

)
where d(BS,Bi), d(RXm, Bi) are

respectively the distances from the ith building (or object) to
the BS and to the mth user. The an,m,i phases, denoted φn,m,i,
are always chosen as random variables equally distributed in
the interval (−π, π). In the case where two users are nearby
in the same street and the ith building is far away, one can
introduce proportionality between the Fourier components of
the corresponding oscm,i(uT ).

The Fourier coefficients of the indicator function are
2
πne
−πinuc sin(πn∆u(i)/2), where ∆u(i) = umin

T,i −umax
T,i and

uc = (umin
T,i + umax

T,i )/2.
So Hm,n,i is the convolution product of the series

2
πne
−πinuc sin(πn∆u(i)/2) and the Fourier coefficients of

oscm,i(uT ).
Finally our hybrid model for the transfer matrix elements

H̃mn is H̃mn =
∑
iHm,n,i with:

Hm,n,i =

2πρ(i)
λ∑

n1=− 2πρ(i)
λ

|an1,m,i|eiφn1,m,i
2

π(n− n1)

e−πi(n−n1)uc sin
(
π(n− n1)∆u(i)/2

)
(21)

The variables uc, ∆u(i) and the random variables |an1,m,i|,
φn1,m,i, chosen as described above, depend on the geometry
of the buildings (or the objects).

Remark: If the support of hm,i was reduced to point u0
i , i.e.

in the case where we consider the objects as point scatterers,
the Fourier series of the corresponding window function would
be {eiu0

in} and the corresponding Hm,n would be the one
described by the Jakes model.

Instead, if the support of hm,i was the entire interval (−1, 1)
i.e. the case in which the energy arrives to the BS from all
the directions of space, the Fourier series of this particular
window function would be equal to 1 for n = 0 and to 0 for
all the other n. Then the Hm,n would be independent random
variables with a dependence on the user.

VII. NUMERICAL COMPUTATION OF THE SUM-RATE FOR
THE ZF SCHEME

In this section, we use the hybrid channel model, cor-
responding to a city schematically described by Fig. 1, to
calculate numerically the ZF sum-rate given by formula (5).
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Fig. 1. A representation of the investigated scenario, here shown for the case
MR = 13.

The position of the BS is fixed on the roof of a high building
at the corner of the 2nd street and the 2nd avenue. The linear
antenna array direction is also fixed, parallel to the avenue.

Several user distributions are considered.
First scenario: the distribution is uniform in all the streets

and avenues. The users which are in the second avenue or the
second street are in LOS with the BS.

Second scenario: there are no users in the second avenue
and the second street, and the users are uniformly distributed
elsewhere. Hence, all users are in NLOS with the BS.

Third scenario: all the users are uniformly distributed and
concentrated in the first avenue with an ordinate which is
comprised between 0 and 80. Hence, all users are in NLOS
with the BS.

Part of the energy which reaches the BS comes from the
reflection/diffraction by some high buildings which are in the
same street/avenue as the user. It can also come directly from
the user, if the user has LOS to the BS. In the NLOS case,
it comes also from the diffraction by the roof edges of the
buildings which are close to the user, on the two sides of
the street/avenue. The positions of the high buildings in each
street/avenue are randomly chosen, and their distribution is
uniform.

For the sake of simplicity, we will neglect the contribution
of the objects which are outside of the area considered in the
city map above.

Once the positions of the BS, the users and the high
buildings are fixed, we calculate the elements of the transfer
matrix using our model. In the law for the |an,m,i|, if the i
index corresponds to a high building in the same street/avenue
as the mth user, we include the distances from the building
to the BS and the mth user, while if the i index corresponds
to a roof edge we include the distances from it to the BS
and to the mth user. The indicator function of the support of
hm,i(uT ), [umin

T,i , u
max
T,i ], is easily deduced from the position

and geometry of the ith high building/roof edge.
To get the sum-rate, we first compute the smallest eigen-
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Fig. 2. ZF sum-rate vs. number of BS antennas for the case MT =MR.

value for H̃H̃∗. We perform several calculations varying:
• the number of BS antennas, MT ;
• the number of users, MR (sometimes the total number of

users is equal to the number of BS antennas, sometimes
it is smaller);

• the number, NB , and position of the high buildings (NB
describes the richness of the environment).

For the case MT = MR, in the first scenario, the eigenval-
ues can be found in Tables I, II, III and IV, while those for
the case MT = 2MR + 1 can be found in Tables V, VI, VII
and VIII. #ev in the tables stands for number of eigenvalues.

Once the number of the high buildings NB is fixed, one ob-
serves, as MT increases, that in general the highest eigenvalue
increases and the smallest eigenvalue decreases.

When MT is fixed and the number of buildings is increased,
we notice that the smallest eigenvalue increases.

In general, the number of eigenvalues which are less than a
fixed value (here 1e-12), increases as MT increases. We notice
that this number is almost proportional to MT , at least when
such number is large enough.

We also observe that the smallest eigenvalues are two orders
of magnitude larger in the case MT = 2MR + 1 than in the
case MT = MR.

We now discuss the behaviour of the sum-rate, i.e. equation
(5), with respect to the number of antennas at the BS, the
number of users, and the number of high buildings. We assume
that B = 20 MHz, Pmax = 20 W, α = 0.5,

√
Pmax

α ‖∆H‖ =

nmax = −174 + 10 log10B = −101 dBm = −131 dBW =
7.94e−14 W, where we assume that the noise power spectral
density is -174 dBm/Hz [37].

In Fig. 2 we notice that if the number of users MR equals
the number of antennas at the BS, MT , the sum-rate becomes
rapidly nonlinear. The nonlinearity appears for larger MT as
the number of high buildings NB becomes large. The sum-rate
is far from being regular. The yellow curve is less irregular
as it corresponds to the average of the sum-rates over 10
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TABLE I
EIGENVALUES FOR THE CASE MT =MR , NB = 6.

MT 13 25 43 61 73 85 97
λmin 1.97e-14 4.53e-16 2.41e-15 1.95e-15 4.75e-18 3.7e-16 1.41e-15
λmax 5.66e-6 5.42e-4 1.09e-3 1.61e-3 2.09e-3 2.39e-3 3.07e-3

#ev < 1e-12 4 6 10 13 14 15 21

TABLE II
EIGENVALUES FOR THE CASE MT =MR , NB = 12.

MT 13 25 43 61 73 85 97
λmin 6.21e-13 1.89e-13 1.44e-13 3.83e-14 8.25e-14 3.67e-14 2.66e-14
λmax 5.56e-6 5.42e-4 9.29e-4 1.59e-3 2.10e-3 2.38e-3 3.11e-3

#ev < 1e-12 1 1 2 2 2 2 2

TABLE III
EIGENVALUES FOR THE CASE MT =MR , NB = 24.

MT 13 25 43 61 73 85 97
λmin 2.56e-12 1.26e-11 1.96e-12 3.47e-13 1.29e-12 1.08e-12 5.47e-13
λmax 5.22e-6 5.49e-4 1.0e-3 1.66e-3 2.13e-3 2.34e-3 3.13e-3

#ev < 1e-12 0 0 0 1 0 0 1

TABLE IV
EIGENVALUES FOR THE CASE MT =MR , NB = 48.

MT 13 25 43 61 73 85 97
λmin 2.06e-11 2.07e-11 3.10e-12 1.58e-12 3.66e-13 2.19e-13 3.21e-13
λmax 5.65e-6 5.76e-4 1.1e-3 1.65e-3 2.11e-3 2.33e-3 3.24e-3

#ev < 1e-12 0 0 0 0 1 1 1

TABLE V
EIGENVALUES FOR THE CASE MT = 2MR + 1, NB = 6.

MR 13 25 43 61 73
MT 27 51 87 123 147
λmin 5.68e-13 6.13e-13 2.33e-13 2.68e-13 2.98e-13
λmax 1.16e-5 1.10e-3 1.84e-3 3.64e-3 5.30e-3

#ev < 1e-10 4 9 17 25 27
#ev < 1e-8 8 16 27 38 44

TABLE VI
EIGENVALUES FOR THE CASE MT = 2MR + 1, NB = 12.

MR 13 25 43 61 73
MT 27 51 87 123 147
λmin 1.20e-10 8.76e-11 8.88e-11 8.8e-11 6.84e-11
λmax 1.15e-5 1.10e-3 2.23e-3 1.20e-3 5.30e-3

#ev < 1e-10 0 1 1 1 1
#ev < 1e-8 7 11 21 26 29

TABLE VII
EIGENVALUES FOR THE CASE MT = 2MR + 1, NB = 24.

MR 13 25 43 61 73
MT 27 51 87 123 147
λmin 3.53e-10 9.62e-10 1.10e-9 7.94e-10 1.22e-9
λmax 1.20e-5 1.0e-3 2.24e-3 3.66e-3 5.34e-3

#ev < 1e-10 0 0 0 0 0
#ev < 1e-8 3 5 8 8 6

TABLE VIII
EIGENVALUES FOR THE CASE MT = 2MR + 1, NB = 48.

MR 13 25 43 61 73
MT 27 51 87 123 147
λmin 2.18e-9 1.45e-9 1.11e-9 2.13e-9 2.09e-9
λmax 1.19e-5 1.17e-3 2.24e-3 3.72e-3 5.39e-3

#ev < 1e-10 0 0 0 0 0
#ev < 1e-8 2 3 5 6 6
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Fig. 3. ZF sum-rate vs. number of BS antennas for the case MT = 2MR+1.
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Fig. 4. ZF sum-rate vs. factor k, for MR = 61 and MT = 123.
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Fig. 5. ZF sum-rate vs. number of BS antennas for the caseMT = 10MR+1
in the first scenario.

sets of users positions, obtained in the following manner. We
obtain a first sample by randomly choosing a set of users. We
then randomly change each user position slightly (by no more
than two meters) in order to obtain additional samples. We
first calculate the sum-rate for each sample, then we average
over the samples. Notice that there are some crossings, for
instance at MT = 73 in Fig. 2, which would disappear when
performing the average over a sufficient number of sets of user
positions.

From Fig. 3, we notice that if MT = 2MR + 1, then the
sum-rate is larger than in the case where MT = MR. It is
clearly not linear in MT if the number of important buildings
is small, but it becomes almost linear for large NB in the range
of MT considered. We also observe that the curves are much
more regular than for the case MT = MR. This is due to the
fact that the variance of the sum-rates when changing the user
positions is smaller, meaning that there exists a stronger self
averaging effect.

Sum-rate formula (5) includes the error ‖∆H‖ on the
transfer matrix. For fixed MR and MT , we want to study the
changes in the sum-rate as ‖∆H‖ varies; these changes may
be due to pilot contamination. We introduce a factor k defined
as k =

√
Pmax
α
‖∆H‖
nmax

. The sum-rate is then studied by varying
k and the number of high buildings, as can be seen in Fig. 4.

We now consider the case where the number of antennas
at the BS is more than ten times the number of users, MT =
10MR + 1. To get curves more regular than in Fig. 2, we
consider 4 samples of users positions.

In scenario 1 corresponding to Fig. 5, we observe that the
sum-rate is larger if the number of high buildings is larger. It
is clearly sublinear if there are 6 Buildings and it is almost
linear when there are 48 buildings.

In scenario 2 corresponding to Fig. 6, the behaviour is
almost the same as before, however the sum-rates are smaller
because there are no rows in the transfer matrix with large
elements corresponding to LOS users as in scenario 1.

In scenario 3 corresponding to Fig. 7, we observe that the
sum-rates are smaller than in scenario 1 when the number of
buildings is large, this can be explained by the fact that the
supports of the hm are more concentrated.

Finally, we calculate the sum-rate for the three scenarios
with a statistical model for which each matrix transfer element
is the product of a Gaussian complex random variable with
mean zero, by a quantity which depends on the distance from
the user to the BS and whether the user is in LOS or not.
Here, to obtain more regular curves, we average the sum-rates
over 10 samples. As we can observe in the figures, this sum-
rate is almost linear and always greater than the one obtained
with the hybrid model. As the number of buildings increases,
the sum-rates obtained with the hybrid model approach those
obtained with the statistical model.

VIII. NUMERICAL COMPUTATION OF THE SUM-RATE FOR
THE MRT SCHEME

In this section, we want to use the same hybrid model
as in the previous section, corresponding to the same city
schematically described by Fig. 1, to numerically calculate
the MRT sum-rate given by formula (14).
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Fig. 6. ZF sum-rate vs. number of BS antennas for the caseMT = 10MR+1
in the second scenario.
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Fig. 7. ZF sum-rate vs. number of BS antennas for the caseMT = 10MR+1
in the third scenario.
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Fig. 8. MRT sum-rate vs. number of BS antennas for the case MT =
10MR + 1 in the first scenario.
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Fig. 9. MRT sum-rate vs. number of BS antennas for the case MT =
10MR + 1 in the second scenario.
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Fig. 10. MRT sum-rate vs. number of BS antennas for the case MT =
10MR + 1 in the third scenario.

Here, we consider only the case (MT = 10MR + 1) and
the same scenarios as before.

For each user, we start by checking the condition∑
m′ 6=m |(hm,hm′)| ≤ ‖hm‖2. If it is not fulfilled, we discard

the user from the list of users which shall be addressed. If
the condition is instead fulfilled, we numerically calculate the
achievable rate. Finally, we add all the rates for the admissible
users. As before, we average the sum-rates over 4 samples.

In scenario 1 (users distributed uniformly), we observe in
Fig. 8 that the sum-rate is practically insensitive to NB , the
number of high buildings. We interpret this by the fact that
the users which are in the 2nd street or in the 2nd avenue are
in LOS so their corresponding channel matrix rows are much
larger than the others and not much affected by the presence
of the buildings. As these rows dominate in the sum-rate, the
effect of the buildings is small.

In scenario 2, the distribution of the users is such that all
the users are in NLOS, and the sum-rate as can be seen in
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Fig. 9 becomes sensitive to the number of high buildings. It
increases until NB = 16 and then it stabilizes. We can also
observe that the number of BS antennas for which it reaches
a maximum increases as the number of buildings increases.

In scenario 3 (all the users are concentrated in the 1st

avenue), the sum-rate as can be seen in Fig. 10 is also sensitive
to the number of high buildings. With the MRT scheme, the
sum-rates are slightly smaller when the users are concentrated
as was predicted in Section V.

Finally, we calculate the sum-rate for the three scenarios
with the same statistical model as in Section VII. As we
can observe in the figures, their behaviour is sublinear and
they are always greater than the sum-rates obtained with the
hybrid model. Once more, with the hybrid model, the sum-
rates approach the statistical result as the number of buildings
increase and the users are distributed more uniformly.

If we compare the sum-rates obtained with the ZF and the
MRT schemes, we observe that the sum-rates are one order of
magnitude larger with the ZF scheme.

IX. CONCLUSIONS

In our sum-rate analysis, we not only consider the user po-
sitions but we also consider the diffractions by high buildings
and some roofs close to the users. All the physical characteris-
tics are introduced through the use of the hm functions, linked
with the energy angular distribution seen by the BS. A precise
meaning for the notion of environment richness is given. If
the union of the support of the hm functions is not the entire
interval [−1, 1], or if some of them are proportional (in the
case some users and the BS are in LOS), the ZF performance
is poor because the smallest singular value is small and the
MRT performance is poor because some scalar products of the
channel vectors are not small.

Let us stress again that the theorems we proved are not
based on a model but on some assumptions which can or
cannot be verified in a real city. Today, for real cities, we do not
have enough information about the energy angular distribution
for users in different streets. We hope that this information will
be available in the future and that our work will encourage
measurement campaigns.

The numerical model introduced for the transfer matrices
confirms and clarifies the sum-rates behaviour for several user
and building distributions. We have also shown that, if there
are many strong scatterers well distributed in the city, the
performances obtained from the hybrid model are less distant
from the performances predicted from the statistical models
than in the case where the number of scatterers is lower. The
hybrid model allows us to compare the sum-rates obtained
from different schemes and to show that, in the considered
range of BS antennas, the ZF scheme gives sum-rates which
are larger by an order of magnitude than those calculated with
the MRT scheme. We also see clearly that the gain of using
more BS antennas is more significant with the ZF scheme if
there are enough high buildings.

The fact that we have taken into account only the main
scatterers can be criticized, but our model allows as many
scatterers as one desires to be added at the expense of

computing time. Because of time limitations (in the case
where the number of scatterers is large, the computing time
to obtain only one sum-rate value using the hybrid model
can exceed 2 hours on a standard personal computer), we
have not performed the calculations varying all the possible
distributions of users around the base station. The number of
samples we use when we do averages is also limited for the
same reason. Considerable non regularity in some cases is an
interesting point as it means that the variance is large. Anyway,
we believe that the produced curves indicate the trends in a
sufficiently clear way.

In future work, the eigenvalues distribution will be used
to examine the behaviour of the sum-rate in the case of the
Generalised ZF. In particular, we will see how to choose the
regularisation in order to obtain a better performance.

The analytical derivation of the eigenvalues distribution of
HH∗ from the hybrid model is not out of scope, but certainly
not easy.

We also plan to use our model in the multi-cell situation.
In this case, each cell corresponds to a transfer matrix Hl,
l = 1...L, where L is the total number of cells considered. The
hybrid model will be used to calculate the signals produced
by any cell’s BS on the users belonging to any cell.

X. APPENDIX 1

As we saw in Section III the transfer matrix elements for the
MU-MIMO system are given with good precision by formula:

H̃mn =

∫ 1

−1

duT e
−πinuT hm(uT ), (22)

To understand better this formula which has been rigorously
established in [20] let us go back to the origin of the functions
hm.

To facilitate the physical interpretation of functions hm, it is
simpler to consider the uplink instead of the downlink. When
the mth user antenna is excited by a voltage, this induces
inside this antenna the current im(y). This current in turn
creates electromagnetic fields in the open space. When these
fields hit the environment objects (for instance buildings),
they create currents inside them. In turn, these currents create
electromagnetic fields, so the objects appear as secondary
antennas.

As the objects can be very large and not too far from the
BS station, we are not allowed to use the far field results; in
particular the scattered fields, in general are not plane waves at
the BS. If this was the case each object would produce a plane
wave whose wave-vector direction would be the direction from
the object to the BS and one would obtain the Jakes model.

The mathematical scattering theory corresponding to the
above physical description uses an operator called the T -
operator, which transforms the incident field at the object into
the current inside the object. Its kernel is the matrix function
t(v, w) where v and w are two points inside the object. Here to
simplify we will not consider the vector character of the fields
but write the formulas as if they were scalars. So the scattered
field at point xn, on the surface of the nth BS antenna, is



IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. XX, MONTH XXXX 12

written as:

E(xn) =
∑
i,j

∫
Vi

dv G0(xn, v)

∫
Vj

dw t(v, w)

×
∫
Vm

dy G0(w, y)im(y) (23)

In this formula we recognize∫
Vm

dy G0(w, y)im(y) (24)

i.e., the incident electromagnetic field created by the mth

user’s antenna at point w inside the jth object.
We recognize also the current at a point v inside the ith

object

i(i)m (v) =
∑
j

∫
Vj

dw t(v, w)

∫
Vm

dy G0(w, y)im(y) (25)

Once the currents inside the scatterers are known, the
electrical field they create at a point xn on the nth BS antenna
is given by

E(xn) =
∑
i

∫
Vi

dv G0(xn, v)i(i)m (v) (26)

This electromagnetic field can be considered as an incident
field with respect to the nth BS antenna. To get the voltages at
the BS antenna there remains to perform an integration, with
respect to the antenna surface, of the scalar product of the
incident field at the surface of the BS antenna by the vector
effective length, which is a characteristic of the antenna (see
[19] and [20] for the details). So the voltage at the nth BS
antenna is:

Vmn =

∫
STn

dxnln(xn).
∑
i

∫
Vi

dv G0(xn, v)i(i)m (v) (27)

In this formula, after choosing the middle of the BS array
as the coordinates origin, and the BS array direction as the Oz
axis, we introduce the spherical coordinates (‖v‖, θT , φT ) for
the point v inside the object.

We introduce also the variable x0 := xn − ncT and the
approximation G0(xn, v) ≈ G0(x0, v)e−

2πi
λ ncT .v̂ where v̂ is

the v direction. Using the spherical coordinates the approxi-
mation can be rewritten in the form: G0(xn, ‖v‖, θT , φT ) ≈
G0(x0, ‖v‖, θT , φT )e

2πi
λ n‖cT ‖cosθT

Supposing that ln(xn) = l0(x0), (27) becomes:

Vmn =

∫
ST0

dx0l0(x0).
∑
i

∫
d‖v‖dθT dφT sin θT×

G0(x0, ‖v‖, θT , φT )e−
2πi
λ n‖cT ‖cosθT i(i)m (‖v‖, θT , φT )

(28)

Introducing the variable uT = cos θT :

Vmn =

∫
ST0

dx0l0(x0).
∑
i

∫
d‖v‖duT dφT×

G0(x0, ‖v‖, uT , φT )e−
2πi
λ n‖cT ‖uT i(i)m (‖v‖, uT , φT )

(29)

Using the approximation G0(x0, v) ≈ e
2πi
λ
‖v‖

4π‖v‖ e
2πi
λ x0.v̂ and

integrating with respect to x0 one obtains, if one denotes by
aT (uT , φT ) :=

∫
ST0
dx0l0(x0)e

2πi
λ x0.v̂:

Vmn ≈
∑
i

∫
d‖v‖duT dφT e−

2πi
λ n‖cT ‖uT e

2πi
λ ‖v‖

4π‖v‖
aT (uT , φT )

× i(i)m (‖v‖, uT , φT ). (30)

Now, one performs the integrals with respect to the radial
distance ‖v‖, the azimuth φT . If one introduces function hm,i
as:

hm,i(uT ) :=

∫
d‖v‖dφT

e
2πi
λ ‖v‖

4π‖v‖
aT (uT , φT ).i(i)m (‖v‖, uT , φT ).

(31)
the voltage at the nth antenna can be rewritten as:

Vmn =
∑
i

∫ 1

−1

duThm,i(uT )e−
2πi
λ n‖cT ‖uT . (32)

In this expression recall that the index m corresponds
to the mth user, n to the nth BS antenna and i to the ith object.

XI. APPENDIX 2

In the framework of the ZF technique, we are going to
establish the link between the downlink sum-rate and the
properties of the transfer matrix. The material of this section
is partly already known, however our aim here is to collect
the main ingredients of the ZF technique in a condensed and
rigorous manner.
MT is always supposed to be larger or equal than MR, i.e.
MR = µMT , µ ≤ 1. Let us denote by H the exact MR×MT

transfer matrix while H ′ = H + ∆H is the measured transfer
matrix. The error ∆H can be originated by many causes, and
among them the one with possibly the most severe effect is
due to terminals belonging to other cells (pilot contamination).
The eigenvalues of H ′H ′∗ are λ2

1 ≥ λ2
i .... ≥ λ2

MR
.

Lemma XI.1. Suppose that the noise amplitude at the RX
antennas is never larger than nmax, that the norm of the error
matrix is ‖∆H‖, that the maximum power allowed at the BS
is Pmax, that each Transmit (TX) antenna transmits at a rate
of B symbols per second, and that α is the ratio between the
power emitted by an antenna and the square of the maximum
voltage of the source which feeds the antenna. Then the total
rate in bits/s, C, which can be sent is given by

C = 2MRB log2

(
1 +

λMR

nmax +
√

Pmax

α ‖∆H‖

√
Pmax

2αMR

)
(33)

Proof.
H ′ can be written in the form H ′ =

∑MR

i=1 λig
R
i (gTi , .) where

gTi and gRi denote the so-called generalised eigenvectors for
H ′. Denoting by H̄ ′

−1
=
∑MR

i=1
1
λi

(gRi , .)g
T
i , the pseudo

inverse of H ′, and by eRm the mth standard basis vector in
CMR , one defines the vectors um as:
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um = H̄ ′
−1

eRm =

MR∑
i=1

1

λi
(gRi , e

R
m)gTi (34)

The BS wants to send simultaneously different messages to
each of the users. Each message is decomposed in blocks of
c bits, and to each block is associated a complex number (or
symbol) chosen in a constellation whose number of points is
2c (c has to be determined and likewise the distance between
the points of the constellation, we will discuss this below). If
the block to be sent to the mth user corresponds the complex
number sm, the signals sent by the BS are:

∑MR

m=1 smum.
In this way if there was no noise and the transfer matrix
was exactly known, each user would receive a signal whose
complex amplitude would be sm.

Given that the BS is not allowed to send a power larger
than a quantity denoted by Pmax, let us determine what is the
largest sm which can be used, we will denote its amplitude
by |smax| .

As the total emitted power is the sum of the power emitted
by each TX antenna, denoting by eTn the nth standard basis
vector of CMT and α as defined above, the total power then
is:

α

MT∑
n=1

∣∣∣(eTn , MR∑
m=1

smum)
∣∣∣2 (35)

which is equal, if one denotes by s the vector in CMR whose
components are the sm, to:

α

MT∑
n=1

∣∣∣ MR∑
m=1

sm(eTn ,um)
∣∣∣2 = α

MT∑
n=1

∣∣∣ MR∑
m=1

sm(eTn , H̄
′−1

eRm)
∣∣∣2

= α‖H̄ ′−1
s‖2 (36)

Since ‖H̄ ′−1‖ = λ−1
MR

, where λMR
is the smallest singular

value of H , the power sent is equal or smaller than:

α‖s‖2‖H̄ ′−1‖2 < αMR|smax|2
1

λ2
MR

(37)

Choosing the constellation such that |smax| = λMR

√
Pmax

αMR
is

sufficient to fulfil the condition on the total power.

Once |smax| is determined by the power condition and the
smallest singular value, how to choose the number of symbols
in the constellation, in order that there is no error when
interpreting the signals received by the users?
First we have to calculate the error on the signal ym received at
the mth user due to the error on the measured transfer matrix,
∆H , and the noise nm.

ym =
(
eRm, H

MR∑
m′=1

sm′um′
)

+ nm

=
(
eRm, (H

′ −∆H)

MR∑
m′=1

sm′H̄ ′
−1

eRm′) + nm

= sm −
MR∑
m′=1

sm′
(
eRm,∆HH̄

′−1
em′R

)
+ nm

= sm −
(
eRm,∆HH̄

′−1
s
)

+ nm (38)

Then:

|ym − sm| < ‖∆H‖‖H̄ ′
−1‖‖s‖+ |nm| <

√
MR|smax|‖∆H‖
× λ−1

MR
+ |nm|

(39)

where
√
MR|smax|‖∆H‖λ−1

MR
+|nm| =

√
Pmax

α ‖∆H‖+|nm|.
Suppose that the noise amplitude at any user is never larger

than a quantity denoted by nmax. To have no error interpreting
the values received at the users, the distance, d, between the
points of the constellation has to be chosen larger or equal to
2nmax + 2

√
Pmax

α ‖∆H‖.
As the distance d between the 2c points (c is even) of the

constellation is d =
√

2|smax|
2c/2−1

we get from the equalities

√
2|smax|

2c/2 − 1
= 2nmax + 2

√
Pmax

α
‖∆H‖ (40)

that

c = 2 log2

(
1 +

|smax|
√

2(|nmax|+
√

Pmax

α ‖∆H‖)

)
(41)

As the constellation was chosen so that:

|smax| = λMR

√
Pmax

αMR
(42)

we get that the admissible rate per user per Hz is:

c = 2 log2

(
1 +

λMR

nmax +
√

Pmax

α ‖∆H‖

√
Pmax

2αMR

)
(43)

from which we get for the sum-rate result expressed in the
lemma.

Remarks: The formula includes the error ‖∆H‖ on the
transfer matrix which could be important if there were other
cells using the same range of frequencies (pilot contamina-
tion).

It is crucial in order to study the total sum-rate behaviour, as
MR increases, to know about the λMR

behaviour with respect
to MR.
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XII. APPENDIX 3

In this appendix, in the framework of the MRT scheme,
we establish the link between the downlink sum-rate and the
properties of the transfer matrix. The forthcoming Lemma
collects the main ingredients of the MRT technique in a
condensed and rigorous manner.
MT is supposed to be much larger than MR, i.e. MR = µMT ,
µ� 1. H is the exact MR×MT transfer matrix while H ′ =
H + ∆H is the measured transfer matrix.
hm denotes the mth row of H ′ i.e. hm′ := H

′∗eRm′ where
H
′∗ is the Hermitian transpose of H

′
.

Lemma XII.1. Suppose that the noise amplitude at the user
antennas is never larger than nmax, that the norm of the error
matrix is ‖∆H‖, that the maximum power allowed at the BS
is Pmax, that each transmit (TX) antenna transmits at a rate
of B symbols per second, and that α is the ratio between the
power emitted by an antenna and the square of the maximum
voltage of the source which feeds the antenna. Then the rate
in bits/s, cm, which can be sent to the mth user is given by

cm = 2 log2

(
1 +
‖hm‖2

Ψ

)
, (44)

where,

Ψ :=
√

2
( ∑
m′ 6=m

|(hm,hm′)|+

(
nmax +

√
Pmax
α
‖∆H‖

)
‖H

′∗‖
√
αMR

Pmax

)
Proof.
In the MRT technique the signal sent by the BS is:∑MR

m′=1 sm′H
′∗eRm′ =

∑MR

m′=1 sm′hm′ .
Let us consider that the total emitted power is the sum of

the power emitted by each TX antenna. Denoting by eTn the
nth standard basis vector of CMT and α as defined above, the
total power is:

α

MT∑
n=1

∣∣∣(eTn , MR∑
m′=1

sm′hm′)
∣∣∣2 (45)

which is equal, if one denotes by s the vector in CMR whose
components are the sm′ , to:

α

MT∑
n=1

∣∣∣ MR∑
m′=1

sm′(e
T
n ,hm′)

∣∣∣2
= α

MT∑
n=1

∣∣∣ MR∑
m′=1

sm′(e
T
n , H

′∗eRm′)
∣∣∣2 = α‖H̄ ′∗s‖2 (46)

The power sent is equal or smaller than:

α‖s‖2‖H̄ ′∗‖2 < αMR|smax|2||H̄ ′
∗‖2 (47)

Choosing the constellation such that |smax| =

‖H̄ ′∗‖−1
√

Pmax

αMR
is sufficient to fulfil the condition on

the total power.

Once |smax| is determined by the power condition and ‖H̄ ′∗‖,
how to choose the number of symbols in the constellation,
in order that there is no error when interpreting the signals
received by the users?

The signal received by the mth user is
(em, H

∑MR

m′=1 sm′H
′∗em′) + nm, which can be

written as: sm(hm,hm) +
∑
m′ 6=m sm′(hm,hm′) −∑

m′ sm′(em,∆HH
′∗e′m′) +nm. As (hm,hm) is known by

the user, it can construct the initial constellation multiplied
by (hm,hm).

To detect correctly the symbol intended to the mth user
|
∑
m′ 6=m sm′(hm,hm′) +

∑
m′ sm′(em,∆HH

′∗e′m′) +nm|
has to be smaller than (hm,hm).d/2 where d is the
distance between two points of the constellation. Let us
suppose that the scalar products, (hm,hm′), are known.∑
m′ 6=m sm′(hm,hm′) is a random variable which depends

on the random variables sm′ . Its mean is equal to zero, its
absolute value is smaller than |smax|

∑
m′ 6=m |(hm,hm′)|.

As |
∑
m′ sm′(em,∆HH

′∗em′)| = |(em∆HH
′∗s)|

there is no error if |smax|(
∑
m′ 6=m |(hm,hm′)| +√

MR‖∆H‖‖H
′∗‖) + |nm| ≤ (hm,hm)d/2 .

As the distance d between the 2c points (c is even) of the
constellation is d =

√
2|smax|

2c/2−1
from the inequality

(hm,hm)

√
2|smax|

2c/2 − 1
≥2nmax+

2|smax|

( ∑
m′ 6=m

|(hm,hm′)|+
√
MR‖∆H‖‖H

′∗‖

)
(48)

and the fact that the constellation was chosen so that:

|smax| = ‖H
′∗‖−1

√
Pmax

αMR
(49)

Denoting by Ψ :=
√

2
(∑

m′ 6=m |(hm,hm′)| +
(
nmax +√

Pmax
α ‖∆H‖

)
‖H ′∗‖

√
αMR

Pmax

)
we get that the admissible rate

per user per Hz is:

cm = 2 log2

(
1 +
‖hm‖2

Ψ

)
(50)
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