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Abstract—In this letter we investigate the pilot contamination
problem in massive MIMO networks from a system level point
of view. We propose two game-theoretic approaches that model
the pilot assignment problem. We also prove that one of these
games is a potential game, and show that the adaptation processes
following best and better response dynamics will converge to a
Nash equilibrium. We then model the problem as an optimization
problem. Finally, we compare the game theoretic results with the
optimal and random pilot assignments. Our simulation results
show that the game solution significantly outperforms the random
assignment and performs as well as the optimal pilot assignment.

I. INTRODUCTION

In massive MIMO systems, a large number of antennas are
considered at the base stations (BSs). The number of BS anten-
nas is assumed to be much larger than the number of scheduled
users in a cell. According to [1], given perfect knowledge of
the channel state information (CSI), as the number of antenna
elements at the BS tends to infinity, the effects of noise as
well as multiuser interference fade away. Hence, the capacity
of such networks can be increased without bound by increasing
the number of BS antennas. However, noisy channel estimates
can limit the capacity of these networks [2].

The channel gains between the mobile terminals (MTs) and
the BS antennas in each cell are estimated through training
pilots transmitted during the uplink phase. The MTs in each
cell transmit pilots from a set of mutually orthogonal pilot
sequences which allows the BS to distinguish between the
channel impulse responses of different MTs in the channel
estimation stage. As argued in [2], the channel coherence time
does not allow all MTs of neighboring cells to use orthog-
onal pilot sequences. Therefore, in time division duplexing
(TDD) multi-cellular massive MIMO networks, some MTs
in neighboring cells use the same pilot sequences to enable
channel estimation at the BS. Using the same pilot sequences
in neighboring cells will adversely affect the channel estimates
at the BS. This is due to the fact that the channel estimate of
a user having the same pilot sequence as MTs of its adjacent
cells include some parts of those MTs’ channels. This effect
is called pilot contamination, [2].

A substantial amount of work has appeared in the recent
years on the problem of pilot allocation in massive MIMO
enabled multi cell systems, targeting the pilot contamination
issue. In [3], authors propose an advanced-fractional frequency
reuse scheme, optimizing the size of a cell-center region
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to maximize the average throughput of the system without
compromising the data rate of cell-edge users. The work
in [4] proposes a pilot assignment method among adjacent
cells to randomize the interference over successive uplink
frames. The solution presented in [5] suppresses pilot con-
tamination, without the need for coordination among cells, by
performing pilot sequence hopping at each transmission slot,
which provides a randomization of the pilot contamination. A
smart pilot assignment scheme is proposed in [6], which in
contrast to the conventional schemes which assign the pilot
sequences to the MTs randomly, assigns the pilot sequence
with the smallest inter-cell interference to the MT having
the worst channel quality in a sequential way to improve
its performance. Authors of [7] develop a low-complexity
distributed coalition formation based on individual stability.
By incorporating a searching budget constraint for each BS,
one is able to control the algorithm’s complexity and ensure
its convergence to a solution of the game called individually
stable coalition structure.

In this work, we take a system level approach to minimize
pilot contamination in massive MIMO systems. We assign
reused pilot sequences to users that cause little interference
to each other. Knowing that a centralized approach for this
assignment is computationaly complex, which needs a cen-
tralized controller and introduces signalling overhead to the
system, we propose two game theoretic approaches which do
not need a centralized coordinator and are less complex. We
also prove that one of the proposed games is a potential game,
and compare the performance of the proposed games with the
optimal pilot assignment. Unlike [6] which optimizes the pilot
assignment of one target cell and assumes that the other cells
assign the pilots randomly, our game theoretic approach is
a general solution which reduces pilot contamination of all
cells in the system. Moreover, the proposed game theoretic
approaches, different from [7], are non-cooperative and no
coalition making among the players is considered.

II. SYSTEM MODEL

We consider a multi-cellular massive MIMO network con-
sisting of M > 1 cells and K MTs in each cell1. Each
MT is equipped with a single transmit and receive antenna,
communicating with the BS in TDD manner. Each BS is
equipped with N transmit/receive antennas that are used to
communicate with all the MTs in each cell simultaneously.
The number of BS antennas is considered much larger than
the maximum number of the users in a cell and multicarrier
modulation is assumed for data transmission [1].

1Km can be used instead of K if the number of MTs in the cells are
not equal. Here, for the simplicity in the formulations we assumed that the
number of MTs in all cells are equal
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Each MT is distinguished by the BS using the respective
subcarrier gains between its antenna and the BS antennas.
In order to keep our formulation simple, without loss of
generality, we ignore the time and subcarrier indices. The
transmit symbol sm(`) from the `th MT located in the mth

cell arrives at the jth BS as a vector xj` = sm(`)hjm`,
where hjm` = [hjm`(1), . . . , hjm`(N)]T indicates the channel
gain vector whose elements are the gains between the `th

MT located in the mth cell and different antennas at the jth

BS. The received signal vector at the jth BS, xj , contains
contributions from its own MTs and the ones located in its
neighboring cells apart from the channel noise vector v.

xj =
M∑

m=1

K∑
`=1

xjm` + v. (1)

The vector xj is fed into a set of linear estimators at the jth
BS to estimate the users’ data symbols sj(1), · · · , sj(K). Now
(1) can be rearranged as

xj = Hjjsj +

M∑
m=1,m 6=j

Hjmsm + v, (2)

where sm = [sm(1), . . . , sm(K)]T and Hjm’s are N ×K flat
fading channel matrices with the columns hjm`. The estimated
users’ data symbols at the output of the matched filters of
the cell j can be mathematically shown as ŝj = D−1HH

jjxj ,
where D = diag{‖hjj1‖2, . . . , ‖hjjK‖2} and ŝj is the estima-
tion of the vector sj which contains the users’ transmitted data
symbols. Given the perfect CSI knowledge at the BS, when
N tends to infinity, the antenna array gain goes to infinity
and hence the multiuser interference and thermal noise effects
vanish [1]. As a result, we have ŝj → sj and the receiver will
be optimum. However, as mentioned, the channel estimates at
the BSs get distorted by the channel responses of the users
with the same pilot sequences located in different cells.

To cast the pilot contamination problem in a mathematical
form, let the matrix, Φ, include a set of orthogonal pilots that
can be used in the network. Φ can be assumed as a Hadamard
matrix of the size P × P where P > K whose rows contain
mutually orthogonal sequences. After correlating the received
training symbols with the set of pilot sequences at the BS
j, the estimates of the channel gains between the MT’s and
massive array antennas of the BS can be given as

Ĥjj = Hjj +

M∑
m=1,m 6=j

Hjm + ṽ. (3)

As one can realize from (3), the channel estimates at the
jth cell are corrupted by the channel impulse responses of
its adjacent cells. Therefore, even with an infinite number of
receive antennas at the BS, there will exist some multiuser
interference from the users of other cells. Pilot contamination
can have detrimental effects on the performance of multi-
cellular networks and greatly impair their sum rate [1].

III. PROBLEM FORMULATION

The pilot contamination problem can be mitigated if the
interferers with dominant pilot power in adjacent cells select
different pilots with respect to each other. Thus, the pilot

selection problem can be considered as a game between the
BS’s. We denote this game by G = (M,A, u) where M is
the set of players (BS’s), A is the set of possible actions2

and u is the payoff function. The action of a BS (Aj ∈ A,
Aj is a K × P matrix) is to select a set of pilots which
consist of the rows of Φ. The payoff of a player depends on
its own action and that of the other players. At the moment,
let us assume that the CSI is available at all the BS’s. CSI can
be computed using blind channel tracking techniques. Due to
the high amount of contamination on the pilots of each cell
in some cases, such techniques may need a large number of
iterations to converge. Hence, smart pilot assignment schemes
can be utilized to reduce the number of iterations needed for
convergence of the aforementioned blind tracking techniques
after the first training stage. This motivates development of
smart pilot assignment schemes such as the one proposed in
this paper. Therefore, after the efficient pilot assignment and
using the output of the blind channel tracking unit, the channel
error matrix can be obtained as ∆j = XjA

T
j −Hjj where

Xj = HjjAj +

M∑
m=1,m 6=j

HjmAm + v, (4)

is an N×P matrix which includes the received training signal
sequence at the BS j. ∆j = [δj(1), . . . , δj(K)] where its
columns, δj(i), contain the channel error vectors for different
users at different antennas. The BS suffers from a channel
estimation error on a channel, if its corresponding MT uses
the same pilot as another MT in another cell. This can be
written as:

δj(i) =
M∑

m=1,m 6=j

K∑
k=1

hjmkam(k)aj(i)
T + v. (5)

In (5), hjmk is the channel gain between the kth MT of cell
m and BS j, and am(k) is the pilot selected for the kth MT of
cell m (kth row in matrix Am), where am(k)aj(i)

T equals to
1 only if am(k) = aj(i) otherwise it equals to zero. In practice
this means that the interference is created only if both cells
use the same pilot for one of their MTs.

Moreover, when an MT in the jth cell uses the same pilot
as an MT in the mth cell, the MT in the jth cell introduces
interference to the mth BS that causes error in its channel
estimation. We denote this by Γj = [γj(1), . . . , γj(M)] as

γj(i) =
M∑

m=1,m 6=j

K∑
k=1

hmjiaj(i)am(k)T + v. (6)

It must be noted that the amount of interference that causes
estimation error on the other BS and the interference that
causes error in the MT’s own BS are not the same.

Here we model the pilot selection problem by two different
games denoted by G1 and G2. Both games have the same
aforementioned player set M and action set A. What makes
these games different is their payoff functions. In G1 which we
call non-selfish game, the payoff function takes into account
both suffered interference and caused interference. In G2 which
we will call selfish game, the players are selfish and their
payoff function only considers the suffered interference.

2All the base stations have the same set of possible actions in this work
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1) Non-selfish game: The payoff function of G1 values
the actions that lead to both less experienced and caused
interference. This payoff function can be written as:

uj(Aj ,A−j) = −
K∑
i=1

(
‖δj(i)‖+ ‖γj(i)‖

)
, (7)

where uj is the payoff function for player j. Aj and A−j are
K × P matrices including the set of actions in the jth cell
and all the other ones, respectively. It must be noted that the
altruistic behaviour of the players does not change the non-
cooperative nature of this game.

Theorem 1. G1 = (M,A, u) is an exact potential game with
the potential function

V (Aj ,A−j) = −
1

2

M∑
j=1

K∑
i=1

(
‖δj(i)‖+ ‖γj(i)‖

)
. (8)

Proof. Let us assume that uj(Aj ,A−j)− uj(A′j ,A−j) = ρ. Let
us also have

δ′j(i) =
M∑

m=1,m 6=j

K∑
k=1

hjmkam(k)a′j(i)
T + v, (9)

and

γ′j(i) =
M∑

m=1,m 6=j

K∑
k=1

hmjia
′
j(i)am(k)T + v. (10)

In this utility function the difference of the suffered inter-
ference in the jth BS between the cases where action profile
A and A′ are selected equals to the difference of the created
interference by all the other users when the jth BS selects
these action profiles,

K∑
i=1

‖δj(i)‖ −
K∑
i=1

‖δ′j(i)‖=
M∑

m=1
m 6=j

K∑
k=1

‖γm(k)‖ −
M∑

m=1
m 6=j

K∑
k=1

‖γ′m(k)‖. (11)

Similarly, the difference in the amount of created interference
by the jth BS equals to the difference in the amount of suffered
interference by the other BSs,

K∑
i=1

‖γj(i)‖ −
K∑
i=1

‖γ′j(i)‖=
M∑

m=1
m 6=j

K∑
k=1

‖δm(k)‖ −
M∑

m=1
m 6=j

K∑
k=1

‖δ′m(k)‖. (12)

Now we can write (13) (at the top of the next page). Using
(9) and (10) we can rewrite (13) as

V (Aj ,A−j)− V (A′j ,A−j) =

−
1

2

M∑
j=1

K∑
i=1

(
‖δj(i)‖−‖δ′j(i)‖

)
−

1

2

M∑
j=1

K∑
i=1

(
‖γj(i)‖−‖γ′j(i)‖

) (14)

which equals ρ and therefore, V is shown to be the exact
potential function for G1.

2) Converging to the equilibrium: Nash equilibrium (NE)
is an action profile at which no player has any incentive for
unilateral deviation, and therefore, converging to an NE shows
that the game has reached a stable state. It is proven that for a
finite potential game the best response dynamic and the better
response dynamic approaches will converge to an NE in a
finite number of steps [8].

A

B

C

A

B

CT=1 T=2

Pilot 1 signal Pilot 2 signal Interference signal

Fig. 1: A scenario in which an NE in pure strategies does not exist for
Selfish game.

Let us assume a time slotted system where the players
can change their actions on each time slot. A player j
will change its action on a time slot with probability 0 ≤
τ ≤ 1. In the best response dynamic whenever player
j has the opportunity to revise her action she will choose
Aj ∈ arg maxA′

j∈A
uj(A

′
j ,A−j). In other words, whenever

a player has an opportunity to revise her strategy, she will
choose a strategy that maximizes her payoff, given the current
strategies of the other players.

In better response dynamic, whenever player j has an
opportunity to revise her action, she will choose from the set
{A′j ∈ Aj |uj(A′j ,A−j) > uj(A)}. In other words, whenever
a player has an opportunity to change her action, she will
choose an action with a higher payoff than her current payoff.
Although the best response dynamic normally reaches the NE
in fewer iterations, finding the best response is complex when
the action space is large.

3) Selfish game: In the selfish game we consider selfish
players that do not take the amount of interference they
introduce to other players into account. This system is modeled
as a game G2 with a utility function that is

ûj(Aj ,A−j) = −
K∑
i=1

‖δj(i)‖. (15)

G2 is not a potential game, and existence of an NE in
pure strategies is not guaranteed. Therefore, we cannot prove
convergence to an NE and our experimental evidence sug-
gests that the algorithm often does not converge in complex
scenarios. There are scenarios in which an NE does not exist.
Figure 1 shows a simple example of such a scenario. The
figure considers a scenario with 3 cells, one MT in each cell
and a total of 2 pilots. At time 1 BS B suffers from high
interference introduced by the MT in cell A; therefore, at time
2 it changes its action and starts using the other pilot. This
causes high interference on BS C. Therefore, at time 3 it will
change its action and will use the other pilot. This loop will
continue because there is no NE in pure strategies in the finite
action space of this game.

IV. CENTRALIZED APPROACH

The alternative to the game solution is centrally assigning
the pilots to the MTs in different cells. The centralized
approach can find the optimum solution.

In the studied network the total utility of all BSs increases if
the BSs introduce less interference on each other by properly
assigning the pilots to the MTs. Thus, the centralized approach
to this problem can be formulated as:
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V (Aj ,A−j)− V (A′j ,A−j) = −
1

2

M∑
m=1

K∑
i=1

(‖δm(i)‖+ ‖γm(i)‖)−
(
−
1

2

M∑
m=1

K∑
i=1

(
‖δ′m(i)‖+ ‖γ′m(i)‖

))
=

−
1

2

K∑
i=1

(
‖δj(i)‖ − ‖δ′j(i)‖

)
−
1

2

M∑
m=1
m 6=j

K∑
i=1

(
‖δm(i)‖ − ‖δ′m(i)‖

)
−

1

2

K∑
i=1

(
‖γj(i)‖−‖γ′j(i)‖

)
−

1

2

M∑
m=1
m 6=j

K∑
i=1

(
‖γm(i)‖−‖γ′m(i)‖

) (13)
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Fig. 2: Simulation results in a system with 50 antennas on each BS and 10MHz bandwidth

minimize
M∑
j=1

K∑
i=1

M∑
m=1
m 6=j

K∑
k=1

hjmkam(k)aj(i)
T + v

subject to aj(i) 6= aj(l), ∀i, l ∈ {1, . . . ,K}.

(16)

This optimization problem is an integer nonlinear program-
ming problem which is a complex problem. For this type of
problems the optimum solution cannot be found in polynomial
time. We convert this problem to a binary linear programming
(BLP) problem without making any assumption or approxi-
mation using the method proposed in [9]. The BLP is easier
to solve and can be fed into commercial solvers like CPLEX.

1) Practicality of the game theoretic approach: In the po-
tential game approach the required information are evaluated
locally. The computation of the utility function (7) requires
knowing the total amount of received interference at the BS
and the amount of interference introduced by the MTs in the
cell to other BSs. The total amount of received interference
at the BS is available at the BS. Since slow fading is the
main component that affects the suffered interference, the BS
will be able to compute the interference that its MTs cause
to neighboring BSs by knowing the locations of its MTs,
the locations of the other BSs and the pilots used by its
neighbours. The later one can be computer based on the angle
of arrival of the interference, or shared between the BSs on
the backhaul as public information without any coordination.

V. SIMULATION RESULTS

We initially studied the convergence complexity of the pro-
posed games. We consider a scenario in which we have seven
cells. In Figure 2a we investigate the convergence probability
to an NE of this system having different number of MTs and
pilots. The figure shows while the potential game converges
to an NE in a reasonable number of iterations, the Selfish
game needs many more iterations in more complex scenarios
to converge. We studied the performance of the system with
one MT and 4 pilots, in terms of the total contamination
of the pilots in Figure 2b. The figure shows that using the

game theoretic approaches significantly reduce the total pilot
contamination compared to the random selection of the pilots.
Figure 2c presents the total rate increase in the aforementioned
system compared to the random assignment.

After the convergence, the assigned pilots will be used until
the number of UEs in a cell and/or the location UEs change.

VI. CONCLUSIONS

In this letter we constructed a potential game that models
the pilot selection interactions of adjacent massive MIMO
BSs. We also have shown that the total contamination of the
system is significantly reduced by this game theoretic pilot
selection method, which will improve the accuracy of channel
estimation in massive MIMO systems. We also showed that
the convergence to an NE is not guaranteed for the pilot
assignment game with completely selfish behaviour, while
altruistic behaviour of the players guarantees convergence to
an NE.
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